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Abstract 
Many historical systems (e.g., civilizations) demonstrate trends towards accel-
eration of knowledge, energy flow, and complexity. These systems are far from 
thermal equilibrium as they depend on great flows of energy through them to 
maintain their structure, similar to Dissipative Dynamics Systems (DDS). This 
dissipation causes entropy, but while entropy is often associated with disorder, 
often ordered patterns can spontaneously develop in them to facilitate entropy 
generation. That is, entropy gradients (and the second law of thermodynamics) 
might be the driver to higher complexity. In addition, optimized engineered 
systems that are far from equilibrium, such as removing heat from electronic 
chips, also follows fractal pattern formation. A major trend in Big History is 
the singularity trend of complexity, which has substructure where the complexi-
ty tends to increase by a factor of about 3 for every shortening (by a factor  
of ⅓) period. At the same time, the energy flow tends to increase at a slightly 
faster rate of about 45 within each period. This paper develops a simple anal-
ogous energy flow system that may help gain insight into this Big History trend, 
however, it is incomplete. Research areas are identified to tighten this ap-
proach. 

Keywords: energy, environment, information, logistic. 

Introduction 
The purpose of this paper is to propose a potential simple (‘toy’) system that 
demonstrates similar trends to the Big History singularity trend. This is a next 
step beyond the first modeling step of identifying an equation and interpretation 
that describes the overall growth. The current understanding is based on a re-
markably simple equation, i.e., dy/dt = ky2, and its interpretation that the ‘com-
plexity’ is proportional to the product of the current complexity (y) and the rate 
of learning, which itself is proportional to the previous complexity (y) (Korota-
yev 2005, 2020). This accumulative learning scenario leads to the prediction of 
a singularity since the solution to the equation is y = A/(t  T) where T is the 
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time of the singularity as has been observed in human populations and other 
natural systems (Kremer 1993; Korotayev and Malkov 2016; Fomin 2020). But 
there are many questions that arise from this, for example: Why does there 
seem to be substructure (by a factor of 3)? Is there a more general equation that 
helps understand what happens near and after the singularity time (since the 
equation's assumptions will eventually break down when change becomes too 
rapid)? Why does energy flow scale a bit faster than the progress? (LePoire and 
Chandrankunnel 2020). 

It is not clear that this approach to develop an analogous system will help, 
but others have already made important contributions concerning trends in sim-
ilar systems. The work of Schneider and Kay (1994) demonstrated that the sec-
ond law of thermodynamics (entropy always increases) might actually drive the 
trend to higher complexity, since the spontaneous pattern formations found in 
such far-from-equilibrium systems actually increase the rate of entropy genera-
tion. The works of Bejan (Bejan and Lorente 2011; Bejan and Zane 2012) ap-
ply some of these principles in his Constructal Theory/Law, which shows the 
development of many scaling laws in evolution and engineering design due to 
entropy generation. Ayres and Warr (2009) developed a new understanding of 
the central role of energy in economics and history. Niele (2005) detailed evo-
lutionary transitions concerning energy generation and use. 

Energy flow is defined as the rate of energy use, after thermal heat losses 
are considered, i.e., free-energy power. Chaisson (2004, 2014) identified the ener-
gy flow density as a major determinant of complexity. He showed that the  
energy flow per mass through various astronomical systems such as galaxies, 
stars and planets tends to increase. This trend was then extended to evolving 
life forms, humans, and technologies. But increased energy flow through a 
leading technology does not determine the societal complexity necessary for 
sustained development. For example, while a jet engine has quite a large free 
energy flow, it is only useful when the society maintains the infrastructure such 
as economics, airports, airplane manufacturing along with a demand for the 
service to trade and travel. Instead, the complexity of an evolving system might 
be better characterized by the amount of free-energy flowing through it.  

However, there are many other approaches being explored concerning the 
role of energy in evolution. The natural tendency of complex non-living struc-
tures is to spontaneously form from a large energy flow, as described by Bejan 
and Lorente (2011) and Schneider and Kay (1994). For example, when the bot-
tom of a pot of oil is slightly heated, heat flows through the oil (conduction) to 
be released at the top surface. As the temperature at the bottom is increased, 
there is a critical temperature when the oil starts macroscopic coordinated flow 
structures (convection Benard cells) that efficiently transfers heated oil from 
the bottom in exchange for cooled oil at the surface. A similar formation of 
organized structure is seen when a bathtub is drained as water forms a circular 
motion to more efficiently drain the water. Natural systems also display these 
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formations in the form of hurricanes, tornadoes, and water eddies. Further stud-
ies (Horowitz and England 2017) explore the dynamics of systems far-from-
equilibrium to determine relationships between energy flow, reproduction rate, 
entropy, decay rate, and inversion ratio (fraction of ordered systems to those in 
equilibrium). From these studies, evolution of complex systems is compatible 
with the second law of thermodynamics and in fact facilitates entropy produc-
tion by organizing collective structures that reduce the energy flow gradients. 
As Schneider and Kay stated in 1989: ‘Nature abhors a gradient’ (Schneider 
and Sagan 2005: 6). 

Evolutionary changes in energy flow often occur when an evolving system 
needs to adapt to environmental conditions (Niele 2005; Jantsch 1980). These 
environmental conditions may be the result of the previous growth of the sys-
tem to the limits of the current way of operating. New energy mechanisms or 
sources are then identified and explored along with a new organizational struc-
ture to mitigate the previous limits. A set of evolutionary energy mechanisms 
during the growth of civilization is collected in Table 1 (LePoire and Chan-
drankunnel 2020). The timing of these events occurs with step durations de-
creasing by about a factor of 3 from the immediately preceding phase. Physical 
analogical models for each transition were discussed previously (LePoire 
2019). 

Table 1. Evolutionary steps with changes in energy sources or mech-
anisms 

Step Energy Event 
Approximate Develop-

ment Period by geometric 
steps of about 3 

Agriculture 
Additional effort for agri-
culture 16 Kya  5 Kya 

Ancient Civilization Forced labor 5,000  1,600 ya 
Commercial Revolution Water and wind 1,600  500 ya 
Age of Discovery Wind 500 ya  160 ya 
Industrial Revolution Coal 160 ya  50 ya 
Information Age Oil 50 ya – present 

This evolution of civilization is just one of the three major evolutionary stages 
(life, humans, civilizations) identified by Sagan characterized by their primary 
information mechanisms (DNA, human brain, writing) that occurred roughly 
five billion, five million, and five thousand years ago. Each of these infor-
mation stages are formed from about six phases where the duration decreases 
by a factor of three from each previous phases, leading to the overall decre- 
ase in the duration of an information stage of a factor of a thousand (LePoire 
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2015a, 2015b); with striking parallels with Panov's (2005, 2020) analysis, as 
well as Korotayev (2020) and Fomin (2020). 

In Bejan's example of an engineered system to remove heat from a rectan-
gular volume (Bejan 1997), such as from an electronic chip, the identified op-
timal solution was an ever-increasing fractal pattern on the surface, where not 
only the length of the conduits were fractal but also the width. This was done 
with very specific heat flow considerations. The pattern tended to fill the sur-
face (see Fig. 1). The expansion onto the surface occurs through adding alter-
nating x and y directional conduits. 

 

Fig. 1. Example of applying Bejan’s constructal law to the heat flow 
from a rectangular material such as an electronic chip from a 
simple extraction a) to increased coverage with fractal 
branching (b) and c). 

Method 
On a square surface, the fractal grows in alternating directions. It would be 
more reasonable if the scaling was consistent. This can be done by simplifying 
the base polygon from four to three sides, i.e., an equilateral triangle. While 
triangles are not found in electronic chip design, the triangular frame is often 
found as one of the most stable elements in civil engineering, such as bridge 
design. Assume that the triangle is heated from below. Other surfaces (top and 
sides) allow some heat to flow to the environment. The design goal is to extract 
as much energy as possible from surface conduits built with a given fixed 
amount of material. To extract the maximum amount of energy, the first extrac-
tion point would be in the center, equally from boundaries where temperature 
falls. The process of extracting the energy causes the center temperature to drop 
(see Fig. 2). 

Now, if the same amount of material is available for the next stage (as with 
the square heat flow), the process would be repeated, splitting the material three 
ways but only having to traverse half the distance to the center of the three out-
side triangles (see Fig. 1c). 

a) b) c) 
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Fig. 2. The first and second iterations of extracting energy from an 
equilateral surface that is heated from below:  
a) the triangle as heated without any conduit to extract ener-
gy (red=hottest); b) the first iteration where the extraction 
point is in the center where the temperature was the highest. 
The interaction causes the temperature around the extraction 
point to drop; c) the second iteration which is self-similar and 
scaled by a third. If the same amount of material is used in 
the second iteration as the first, the cross section of the sec-
ond iteration conduits would be reduced by a factor of 2/3 

The length of the new conduits L’, is half the original, L. Since the amount 
of material is the same in each iteration, the material is divided into 3 for  
each of the new pipes. Since the amount of material in a pipe is the product of its 
length (L) and cross-sectional area (A), then 3 L’A’= LA, i.e., the cross-
sectional area is reduced by 2/3. Resistance (R) to flow in a given pipe is pro-
portional to the length and inversely proportional to the area, i.e., L/A. This 
gives a flow resistance of 3/4 of the previous conduit. However, there are three 
pipes in parallel now feeding the main node, so the net energy extracted from 
the three pipes would be 3/R = 4 times the energy extracted in the original pipe. 
If the material is laid out at the same rate for each of the pipes compared to the 
original, the time for the construction is 1/3 the original time. So the second 
iteration takes 1/3 the time to build (with three lines going on simultaneously). 
The amount of energy extracted is 4 times as much, since there are 3 shorter 
conduits but with smaller cross sections. 

This continues for the next iterations (see Fig. 3), with the energy increas-
ing by a factor of 4, taking a third of the time, with the population of new nodes 
being about 3^(n-1). The total number of nodes N will approach (3^n)/2 when 
the number of iterations n gets large. So this model has similar scaling to what 
is seen (of population or complexity) in the rate of Big History transitions:  
N scales as 1/(t-ts); energy scales at a higher rate than N (by a factor of 4 for 
every factor of 3 increase in N). It is important to realize that a difference with 
Bejan's square model is that there are areas that are being passed over, whereas in 
the square geometry, all areas are being extracted. 

a) b) c) 
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Table 2. Iteration characteristics with assumptions described in paper. 

n Δt t ΔNodes
Mate-
rial 

Length Area 
Re-

sistance
ΔEner-

gy 
1 1 1 1 1 1 1 1 1 
2 1/3 4/3 3 1 1/2 2/3 3/4 4 
3 1/9 13/9 9 1 1/4 4/9 9/16 16 
4 1/27 40/27 27 1 1/8 8/27 27/64 64 

Note: the time t is measured from the beginning of the process. The singularity 
would occur at t=1.5. 

However, with each iteration the extraction becomes a bit less efficient because 
the boundaries are being approached. Eventually, it would be more advanta-
geous to fill in the triangle gaps instead of branching out. For example, as the 
three triangles are explored in Fig. 1c, there is about 25 % (the central triangle) 
abandoned. For each iteration there is another quarter of the area being ex-
plored left abandoned. This adds up, so that the fraction of the abandoned area 
to the area being used for extraction scales as 4/3 ^ n. At the full extension of 
the exploration, this leaves quite a large fraction of energy to be extracted. For 
four iterations in Fig. 3b, the ratio of area abandoned to the area for extraction 
is about 4. While this is quite small compared to the ratio of extraction from the 
full extension with compared to the first single node of almost 64, there are 
significant resources to be utilized. 
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Fig. 3. The third and fourth iterations of extracting energy from an 
equilateral surface that is heated from below. 

Note: as the fractal structure develops, much of the original triangles surface is not uti-
lized with the same density of nodes 

However, this is not what was expected for a truly symmetrical transition 
after the peak, where it was expected that the growth of complexity might grow 
by the same factor (3) but at a hyperbolically decelerating rate. This current 
triangular model would give an increase of 4/3 instead of a factor of 3. Each 
iteration after the peak would take about 3 times longer than the previous as the 
extraction pipes need to become increasingly longer. 

Results 
So let us summarize the analogy of extracting energy from a triangular surface 
and the Big History singularity trend: 

 Both are based on energy extraction from a far-from-equilibrium system. 
 Both show singularity behavior with the number of nodes and popula-

tion (or complexity) tends to increase inversely proportional to the time to the 
singularity. 

 Both show substructure with stages of increasing by a factor of 3, in one 
third the time. 

 Both show energy extraction (flow) at a rate greater than the number of 
nodes and population. 

 Both would hit a limit where the effort to extract greater energy from 
additional iteration becomes marginal. 

 Both seem to show ways that the trend might reverse. In the triangle sys-
tem, much of the area is bypassed as the geometric trend is continued. In com-
plex adaptive evolutionary systems, it has been shown that with environmental 
limits, the complexity might not reach chaotic state but instead reverse in com-
plexity (Stone 1993). 

 The reversal in the triangular case seems to show an unexpected factor 
in the energy geometric trend, falling from a factor of about 4 to about 4/3. 

a) b) 
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Discussion 
While there are many similarities as listed above, it is unclear why this simple 
system would be analogous to the system of Big History. For example, why 
would the abstract space being explored be represented by a triangle instead of 
a square or higher dimensional structure? The triangle is the simplest 2-D poly-
gon so fractal continues by splitting into three branches. However, in typical 
complex adaptive systems, the iterative branching continues by splitting into two 
different branches, that is, bifurcation. The bifurcations could be viewed as 
two opposing potential paths to realize a new organization for the next itera-
tion. But clearly the exploration in bifurcations is in polar opposites. As seen in the 
case of fractal exploration of the square, the opposite directions occur along  
the x or the y directions but not both simultaneously. With a triangle, the three 
new branches from each node allow exploration in the plane, i.e., any point of 
the area being explored can be expressed as a linear combination of any two  
of them. 

While detailed calculations of the heat flow from the fractal structure of the 
square were shown to be physically accurate, the detailed calculations were not 
done for this triangular case. The boundary conditions have not been specified 
in detail but it is believed to have a large heat source along the bottom with 
some type of flow (e.g., radiative) along the sides (not insulating or at a fixed 
temperature). It would be beneficial to fill this analysis gap. 

It is important to notice that the structures are built up from only current 
considerations of optimization, not a long-term goal of designing an optimized 
complete system. In the triangular case this leads to exploring areas that are 
initially far away, where the current system has smaller impact on the extrac-
tion potential. This is similar to accumulative learning where foundations are 
set enabling further learning. For example, humans' symbolic expression did 
not start with writing but instead with vocal (and perhaps manual gesture) ex-
pressions that offered a wider range of options such as ability to learn quickly, 
not needing great production infrastructure, ability to quickly communicate in 
greater number of conditions (e.g., nighttime). Only later, after the opportuni-
ties opened by vocal language were filled, did the investment in writing offer 
marginal benefits. 

Finally, the system reaches the point where marginal gain from further 
fractal expansion is limited. This seems to be the period we are entering. Each 
of the cumulative levels supports quite an infrastructure and opportunity for us.  

However, in the rush to expand, many issues have been left unresolved. 
For example, the transition to agriculture from hunter-gathering allowed higher 
population growth but required greater effort; the transition to civilization al-
lowed for defense and risk reduction in return for curtailed freedoms. An ex-
ample of a recent unresolved issue is seen in the U.S. health care system, which 
developed in an industrial era with assumptions about jobs and medicine within 
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a country context. The push was to globalize, leading to great advances in life-
style and health, but the system of healthcare was difficult to upgrade  
as other competing issues required greater attention. These issues can now be 
seen as areas to be improved as the challenges of global cooperation become 
apparent. 

To compare to the triangular case where potential areas are left unutilized 
as the main infrastructure is developed, then one should see many unresolved 
issues at many levels. One way to investigate this is to look at risks coming 
from various social levels. Table 3 outlines the occurrence of events from the 
personal (addiction to alcohol and drugs) through the family (divorce), group 
(layoffs), community (crime), and national (identity theft) levels. Identity theft 
is depicted as a national level problem because, while some identity theft is 
international in scope, most occurs from within the victim's country. Table 3 
shows that life-impacting events across these various social levels affect around 
5 % of the U.S. population. These events can typically cause severe life chang-
es and stress. 

Table 3. Occurrence of major life-impacting events 

Level Measure Frequency (U.S.)
Self Drug and Alcohol Addiction 8 % (1)
Family Divorce 3.6 %/yr (2)
Group Layoff 6 %/yr (3)
Community Violent Crime 2 %/yr (Down from 5 % in the 1980s) (4) 
Nation Identify Theft 6.6 %/yr (5)

Sources: URL: http://www.aa-uk.org.uk/alcoholics-anonymous-reviews/2006/02/alcoho 
lism-and-drug-dependence-are.html; URL: http://www.cdc.gov/nchs/fastats/divorce.htm; 
http://www.statcan.ca/english/freepub/75-001-XIE/10304/art-2.pdf; URL: http://www. 
ojp.usdoj.gov/bjs/glance/viort.htm; URL: https://www.identityforce.com/blog/identity-
theft-odds-identity-theft-statistics  

While conventional responses do have a place in the reduction of the threat, 
alternative complementary approaches have been suggested. One alternative 
advocated by the late Nobel Prize winning chemist Richard Smalley (2003), 
soon after the 9/11 attacks, called for an international collaboration to develop 
energy and technology as one way to help alleviate multiple world problems. In 
this situation, the developed world might be seen as addressing common prob-
lems with agreed upon technological use. This is an example of an alternative 
approach integrating a wider systems-level view to the problem where the con-
ventional linear approach might no longer be applicable. Developing and moti-
vating U.S. students to pursue science and engineering fields was an important 
factor in this proposal, since currently about half of the students in these pro-
grams are attracted from other countries. 
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A systemic approach to these issues would compare and investigate the re-
lationships of the relative risks and possible actions (Tainter 1996). This can be 
refined further by taking a look at the combinations of threats, vulnerabilities, 
and consequences. The factors leading to increased vulnerability include un-
tested new technologies; dependence on technologies and resources; operating 
with limited political, economic, and public communication capacities; and 
complex interactions. The factors leading to a decreased threat level include 
more equitable distribution, toleration, transparency, trust, and opportunities. 
Consequences can be physical, financial, or psychological but could be mitigat-
ed through appropriate responses including planning, assessment, and forecast-
ing potential unintended consequences. 

Conclusion 
A simple (‘toy’) system with heat flow on a triangle was explored as motivated 
by Bejan's analysis of a system on a square. The evolution of a heat extraction 
system on a triangular surface was seen to have many characteristics similar to 
the long-term singularity trend in Big History. As with all models, there are 
many gaps and differences. However, having one physical system to reference 
might provide insights for further development.  

One similar property is that in their evolution with the singularity trend, 
many potential resources are left behind. This suggests that the inflection of this 
trend (since it cannot continue to an actual singularity) might be to slow down 
and try to resolve some of the issues that remained in the rush to develop the 
base infrastructure. One approach to support this was to identify risks at various 
social levels. The risks seem to be spread out over many levels from self to 
global issues. 
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